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1 Introduction

As a system of differential equations corresponding to toric varieties, the GKZ system (or Mellin
system of differential equations) is well known. Here, we construct a ¢-difference module corre-
sponding to a compact toric variety as a semi-infinite dimensional equivariant K-cohomology,
and give a ¢-integral representation of its solutions.

Here, a ¢-difference module is a module over a ring generated by a ¢-shift operator and op-
erations of multiplying by functions. The ¢-shift operator T acts on a function f(z) by (T'f)(z) =
f(gz). In the context of mirror symmetry, the GKZ system is known to compute the quantum
cohomology of a toric variety. There is a possibility that the ¢-difference module given here is
related to quantum K-cohomology.

2 Toric Varieties

Let us construct a toric variety X from the following data.
i) An r-dimensional torus T = (C*)"
ii) N integral weight vectors u4,...,uy € Hom(T,C*) = Z" (allowing multiplicities)
iii) An element specifying the Kahler class 7 € Zf\il R>ou; € Hom(T,C*) @ R

For the above data, we define a subset A of the power set of {1,...,N} by A = {I C
{1,...,N};n € ¥;c; R>ou;}, and define an open set i, ¢ CV determined by 7 as

U, =c¥\ | Jc!=Jc! <!
I¢A IcA
Here, C' = {(z1,...,25) € CV;z, =0fori ¢ I},and I C {1,..., N} is the complement of I. The
torus T acts on C component-wise by the weights u1, ..., ux, and in particular acts on the open
set U,. The toric variety X is defined as the quotient of ¢/, by T

X =U,/T

This can also be written as a symplectic quotient by the maximal compact subgroup Tg = (S*)"
of T:

X = {(21,...,21\/) € CN;Z?LI |2 %u; = 7]} /’]TR

The toric variety given here is complete with respect to the reduced Kahler metric, and in the
language of fans, the support of the fan is convex'. X is an orbifold when it satisfies condition
(a) below, and is smooth if it further satisfies (b). It becomes compact if it satisfies (c).

'For example, the total space of ©(—1) on P! is such a case, but the total space of O(1) (= P? \ {pt}) is not.



(@) Foreach I € A, {u;};cr spans the vector space Hom(T,C*) @ R.
(b) Foreach I € A, {u;}i,c; generates the lattice Hom(T, C*).
(C) {(Cl, ... ,CN) S RN; c; > 0, Zi\il Ciu; = 0} = {0}

In the following, we assume conditions (b) and (c), and let X be smooth and compact.

Elements of the weight lattice Hom(T,C*) determine line bundles on X = ,/T, and by
assigning their Chern classes, a natural isomorphism Hom(T, C*) = H?(X, Z) is obtained. In this
case, the Kahler cone consisting of classes represented by Kahler forms in H2(X, R) is written as
NieaOicr Rooui). (Under assumption (a), n is an interior point of this cone.) Let the coordinates
of CV be z1,..., zxn, and let the divisor in X defined by z; = 0 be D; = {2, = 0} N, /T.

Proposition 2.1. The K-cohomology ring (of holomorphic vector bundles) of the toric variety
X is generated as a ring over Z by the classes of the line bundles O(D;)*. Let U; := [O(D;)] be
the class in the K-group; then all relations are generated by the following two types.

(i) Hz]il Uzc’ =1 for 25\;1 cu; =0,¢; € Z,
(i) [L,e;1—U; ") =0forI¢ A

For later purposes, we fix a Z-basis p1, ..., p. of H2(X,Z) that is contained in the closure of
the Kahler cone. Let the classes in the K-group of the corresponding line bundles be Py, ..., P,.
(Pic(X) = H?(X,Z).) In this case, setting u; = > _, u?p,, we have

v =[P

and d € Hy(X,Z) is represented in coordinates as d = (di,...,d;), du = (pa,d). If d is a class
representing a curve, the choice of p, implies d, > 0.

3 Loop Space Model and Semi-Infinite Dimensional K-theory

As a model of the universal cover of the loop space of the toric variety, we consider the following
Lx:
Lx = LUy/T, LUy =C[¢,¢V\ ([ Cl¢, ¢
I¢A

Here, T acts on the infinite-dimensional vector space C[¢, (1Y by the weights us, . .., uy component-
wise as before. The variable ¢ is considered the loop parameter. Ly is an infinite-dimensional
toric variety, and in terms of the data from the previous section, it corresponds to keeping the
torus T of i) and the Kahler class n of iii) unchanged, while for the vectors in ii), we prepare
countably infinite copies for each of u; to uy. Lx has an S'-action by loop rotation ¢ — eV=10¢.
This S!-action is Hamiltonian, and the Hamiltonian function H: Lx — R can be written in the

form:
N

Hmi(Qs (Ol =D vzl
i=1 v
where ~;(¢) = >, zi¢" € C[¢,¢(7"], and z;, are normalized to satisfy 3, , |z, [*u; = 7 so that
they lie in the level set of the symplectic reduction. In the following, we want to consider Morse
theory on Lx with respect to the Hamiltonian H. The downward Morse flow ¢; for the above H
is written as

[yl = (e Ol ~(C) € Lidy



(normalization is not imposed here). Each component of the critical manifold of H is isomorphic
to X and is parameterized by d € Hy(X,Z) = Hom(T,C*)":

Xg= {2t . anCvd e Dyl 2 X

The stable manifold Ego and unstable manifold L¢ __ of X, with respect to the Morse flow ¢, are
given by the following:

Ly = {[71(0, - IN(O] € Lix;%i(€) = 2ous sy ZivC”s (R1qur dys - -+ ZN(un.d)) € Un}
Ld = {[71(07 N (O] € Lx;i(€) = 20 <qus,ay Ziv€”s (Purdys - -+ 2N(uy d)) € Un}

We denote their closures by L5 and L4 (removing the second condition). Since the original
toric variety X is compact, we have

Ly =| |Zy =] | = | | @2 nL%,)
d d d1,d2

give the classifying space BT of T homotopy-theoretically.

Using the above S'-equivariant stratification, we construct the semi-infinite equivariant K-
cohomology as follows. First, for d,d’ € Hy(X,Z), we define an order relation d < d’ by the
inclusion relation Ly > LS. This is equivalent to (u;,d) < (u;,d’),Vi. When dy < da, L N L%
is @ compact smooth toric variety, and for d; < di < da, a push-forward (Gysin map) Kg: (L3 N
L% ) = Kq (Lg?ﬂL‘?oo) is defined. Forany dy, amap Kg:(L3) — Kgt (Lgfl’) making the following
diagram commutative is uniquely determined:

Ka(LE) ——  Ka(F)

l |

Ksi(LENLZ) —— Kgi(Lgy N L% )

and itturns out that L N L% _is a compact smooth toric variety. Additionally, L, Ly, and L

Here the vertical maps are restrictions. By this, Kq:(L5°) forms a directed system, and we set
its limit as

Kg‘{/Q(LX) =injlim K¢ (L), where d goes in the decreasing direction
d

Similarly, for LY _, K¢ (L% ) forms a directed system, and the dual theory is defined by

Kfol/Q(LX) = injcliim K5 (L%_), where d goes in the increasing direction

When d; < dy, the equivariant Euler characteristic xg1: Kgi1 (L N L% ) — Z[g,q1] is defined.
Here, for a vector bundle E, x5 (E) = Y,(—1)! Ch[H'(X, E)], where Ch(-) is the character of the
S! representation, and ¢ is the variable corresponding to the fundamental representation of S*.
This induces the following pairing between the direct limits:

1 o0 —
Xst: KEO/Q(LX) X Ksl/Q(LX) — Z[qvq 1]

To concretely describe the semi-infinite dimensional K-theory, we introduce the St-equivariant
line bundles P, and U;, on Lx as follows. (Their classes in the K-group are represented by the
same symbols.)

Py = LUy x C/(7,0) ~ (t7, pa(t)v),t € T S* action: [y(¢),v] — [y(e¥V~1¢), ]
Ui, = LUy x C/(7,0) ~ (ty,us(t)v),t € T S action: [y(¢),v] — [y(eV~10¢), eV 10



Then the following holds:

s
Up=q"[[ P, Es(LF) = Kg, (L) 2 ZIPT, ..., PF,q%].2

a=1

Also, the push-forward map K¢ (L3°) — Kgi(L3) is given by multiplication by the Thom class

N (u;,d)—1 R
a— o H H (1-— 17/1)
=1 v=(u;,d")

Let A € K;‘I/Q(LX) be the image of 1 € K¢ (L§°). Pushing 1 forward along the sequence of
push-forwards

Kgi(Lg") = Ko (Lg)) = Kgi1(Lgy) = --+, 0= di=dy =

we obtain the following infinite product representation of the element A:

N
a=TITIa-aah

i=1v<0

Let us endow the semi-infinite dimensional K-groups with a ¢-difference module structure.
Lx was a model of the universal cover of the loop space, and for each d € Hy(X,Z), a map
Q%: Ly — Lx corresponding to a covering transformation is defined:

QM) () = [ Dy (€), ..., ¢TIV Dy ()]

Letting @1, . .., @, be the covering transformations corresponding to the basis of Hy(X,Z) dual
tothebasispy, ..., p,, Q%isrepresentedas Q¢ = Q{' - -- Q4. Thisinduces a pull-back Q?: Kgi (L) —
Kgi(Lg, ) and a push-forward Q%: Kgi (LY ) — Kq (LY, and passing to the direct limit de-
termines:

Q1 Kg*(Lx) —» K3*(Lx), Q1 KEy(Lx) = K5 ,(Lx)

On the other hand, P, ..., B, act on K3y/*(Ly) and K% ,(Lx) by multiplication, and the actions
of P, and Q, satisfy the following:

QvP = ¢**P,Q,  on KE?/Q(LX),

QuPo = q " P,Q, on Kil/Q(LX)'

Therefore, on K33/*(Lx), P, acts the same as the shift operator @, — ¢~*Q;, and Kg;/*(Lx)
has the structure of a ¢-difference module. The automorphism of Lx reversing the direction of
the loop [v(¢)] = [v(¢™1)] (which reverses the S!-action) induces an isomorphism

o

T K (Ly) = KE (Ly)

This map satisfies Q.o = Q,a, P,a = P,@, and ga = ¢~ 'a.

Proposition 3.1. Kgﬁ/ 2(L x) Is generated by A as a module over the ring of difference operators

Z(PE,... PF QE,....QF, ¢%), and all relations are generated by the following, where d € Hy(X,Z):
—(ug,d)—1 (ui,d)—1
Q' I (-eILE") - I II (1-"IL2")|a=0
(ui,d)<0 v=0 <u“d>>0 v=0

2In fact, it is an appropriate completion of this, but for simplicity, we write it this way here.
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Next, we construct a power series solution of K"O/ (Lx). For a € KOO/ (Lx), there exists
some d < 0 such that « is represented by some element aq € Ksl (L°°) On the other hand,

A e KE?/Q(LX) is represented by the element [, [, ad= U Yin Kgi(LF). Thus, for the
embeddingi: X = Xy — Ly, we define

()= (e >‘ o
A S D R DD N A ) T C R | )
The right-hand side is independent of the choice of d, and determines an element of K(X) ®
Z[g*, (1 —q")~%;n > 0]. We define a map Loc: Kg‘j/Q(LX) - K(X)®Z[gt, (1 -¢");n>0[Q", Q]

by3
Loc(a) = E i* (Q‘%) Q*
N A

deHz(X,Z)

Let T, be the shift operator defined by 7, (Q;) = ¢’ Q.

Proposition 3.2. The map Loc is a homomorphism of Z|Q%, . .., QF]-modules and satisfies the dif-
ference equation R
P, T, ! Loc(a) = Loc(P,a)

Furthermore, Loc is injective.

Corollary 3.3. The function I(Q,q) := ], P» °99*/1°9% Loc(A) taking values in K (X) is a (gen-
erally formal) power series solution of the following difference equation:

o I I (-ormnt) - 1 H (= L) | 10 -0

where P = (1+ (P, —1))* =1+ 2(P, — 1) + (;)(Pa —1)2+...,d € Hy(X,Z). (Note that P, — 1 is
nilpotent in the K-group.)

The solution I(Q, q) is concretely given by:

a

p-109Qu/loga | . e e 0 P_UZ)Qd
H ;)21_[1 m——oo _quaPa )

4 Pairing of ¢-Difference Modules and Completion
The pairing x5 between Kfol/Q(LX) and Kg‘fm(LX) extends to a Z[Q*]-bilinear pairing G(-, -):
Glaf):= > xsi(@Q B)Q% ae K3 ,(Lx),B e Kg/*(Ly).
deH2(X,Z)

This takes values in Z[g, ¢~ !][Q !, Q]. By the localization theorem in equivariant K-theory, we
obtain the following.

Proposition 4.1. For o, € KE?”(LX), the following holds:
G(a, B) = x(Loc(a) ® Loc(p))

Here, x is the Euler characteristicin K(X), and s defined on K(X)®Z[q*, (1—q¢")"Y;n > 0][Q71, Q]
such thatg = ¢~ .

3Loc stands for localization.



We define a submodule F*(K 3> (L)) of K33/*(Lx) as follows:

2 i ;
FUERP(Lx) = > Q1 QUZ(PE,... P Q1,...,Qr DA
’L‘1—|—~~-+i,,«2’l’l,
U15eeyir >0

This filtration defines a topology on FO(K;‘{/Q(LX)). We define FKq:1(Lx) as the completion with

respect to this topology*:

FKg(Lx) = FO(K%/*(Lx)) = projlim FO(K3/*(Lx))/F* (K% (Lx))

FKg (Lx)becomesamodule over the completed difference operator ring Z[¢*, P, ..., PF][Q1, . ..

The filtration on Kfol/Q(LX) and its corresponding completion FKS' (Ly) are defined similarly.

The map Loc, the pairing G(-, ), and the isomorphism  are extended to the completed modules
as follows, satisfying Propositions 3.2 and 4.1:

Loc: FKgi(Lx) — K(X)®Z[¢", (1 —¢*) "1 n > 0][Q]
G(-): FKS'(Lx) 100110 FEs1 (Lx) = Zla, ¢ '[Q]
T FKq(Ly) — FKS' (Ly)

Proposition 4.2. K¢ (Lx) is free as a module over Z[q, ¢~ '][Q], and has a canonical isomorphism:

FKsl(LX>/ZQaFKsl(LX) ~ K(X)®Zlg, ¢ ')
a=1

Also, the pairing G(@, ) on FKgi(Lx) is non-degenerate and satisfies G(@, 5)|g=0 = x(@ ® o).
Here «y, 3 are elements in K (X) ® Z[q, ¢~ '] corresponding to «, 3 under the above isomorphism.

In quantum K-theory, it is conjectured that a ¢-difference module structure is determined
on K(X) ® Z[q,q '][Q], and the author conjectures that there is some relation between the
above FKg¢ (Lx) and quantum K-theory. However, in the above Proposition, it is only known
that FK¢ (Lx) is a free module of rank equal to dim K (X), and the problem is that a method to
canonically identify it with K (X)®Z[q, ¢~ 1][Q] is not given. In this conference, we also mentioned
a certain method for constructing quantum K-theory starting from ¢-difference modules. Ac-
cording to this, a certain conjecture about the relationship between FKq: (Lx) and quantum
K-theory can be formulated, which is planned to be stated in a paper currently in preparation.

5 ¢-Integral Representation of Solutions

Here we give a g-integral representation of the solutions to the difference module Kg‘{/2(LX).
What is given below is a g-analog of the oscillatory integrals usually given as toric mirrors. Con-
sider the family of complex tori dual to the embedding T — (C*)" determined by the weights

ULy .., UN-

N
Y =(COHV ST, (z1,...,28) = (Q1,.-, Q) Qo =[]}
i=1
We call this the mirror family of X. Each fiber Yy := 7=1(Q1, ..., Q,) isisomorphicto the (N—r)(=
dim X)-dimensional torus Ker 7 = Y; = (C*)™~=". For a function f(y) on Yy and a € Y, the ¢-
integral of f(y) is defined as

iy =0-9 Y fel@) - a)
Yo

veHom(C*,Y7)

4FK stands for Floer K-theory.

7Q7”]]-



Choose a splitting homomorphism s: TV — Y of the surjection = and 3 € Y;, and consider the
following ¢-integral Z; 5(Q, q):

Bs(Q) N .
Zs5(Q,q :/ ex (“ >dy
ﬁ( ) Yo z1;[1 pq 1— q )

Here, x1,..., 2y are the coordinates of Y, and the g-exponential function exp, () is defined by

o0

L (1 - q)n n
equ(x) T Z 1—q)---(1— qn)x

n=0

exp,(z/(1 — ¢q)) appearing in the integrand has no zeros when |g| < 1, and has simple poles at
xr=q ", n>0.Also, for |¢q| < 1, itis expanded into the following infinite product:

exp, <1 f q) = 1—[3020(11_ ') (x;;)oo

Proposition 5.1. Assume that the g-integral Z, 5(Q, ¢q) converges. Then, Z; 3(Q, ¢) provides a
solution to the difference equation in Corollary 3.3.

Example 5.2. For X = P!, the family of tori m: Y = (C*)? 3 (z1,22) +— Q = x129 € C* is the
corresponding mirror. When taking the splitting Q — (1, Q), the corresponding g-integral solution is
given by

_ g dqy _ 1—¢q
Q= [ Gt 2 oo Zon

and it satisfies the difference equation (1 — T)*Z3(Q, q) = QZ5(Q, q).

References are given below. The description of quantum cohomology and its mirror for toric
varieties and complete intersections within them was given in [2]. The description of quantum
cohomology as semi-infinite dimensional cohomology is found in [1, 5]. As foundational litera-
ture on quantum K-theory, there is [4], which showed the relationship between the quantum
K-theory of type A flag manifolds and difference Toda lattices, and [3, 6], which describe struc-
tures close to Frobenius manifolds (structure of an F-manifold + affine structure + flat metric).
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